Abstract. Let L 2 denote the Bousfield localization functor with respect to the Johnson-
Introduction
Let S p denote the stable homotopy category of spectra localized away from the prime number p, and E(n), the Johnson-Wilson spectrum such that π * (E(n)) = E(n) * 
We denote by L n the full subcategory of E(n)-local spectra, and we have the Bousfield localization functor L n : S p → L n ⊂ S p with respect to E(n). We call a spectrum X ∈ L n (E(n)-)invertible if there exists a spectrum Y ∈ L n such that X ∧ Y = L n S 0 . In [4] , Hovey and Sadofsky showed that every E(n)-invertible spectrum is homotopy equivalent to a suspension of L n S 0 if n 2 + n < 2p − 2, and that every E(1)-invertible spectrum is homotopy equivalent to a suspension of L 1 S 0 or L 1 QM if p = 2. Here QM denotes the socalled question mark complex S 0 ∪ 2 e 1 ∪ η e 3 . In [5] , Kamiya and the second author constructed an E(2)-invertible spectrum X such that X Σ k L 2 S 0 for any k ∈ Z and X ∧ X ∧ X = L 2 S 0 at the prime 3. Unfortunately, we do not know whether X is an E(2)-localization of a finite spectrum. This case is different from the case where p = 2 and n = 1. These spectra L 1 QM and X are, so far, the only known examples of E(n)-invertible spectra other than the sphere spectrum. For QM at the prime 2, there is a homotopy equivalence v −2 Proposition 3.3) , where V (0) denotes the mod 2 Moore spectrum. This is deduced from the structure of the homotopy groups π * (L 1 QM ). We study here β s ∈ A E 2 2 (S 0 ) for an integer s survives to π * (S 0 ) if and only if s ≡ 0, 1, 2, 3, 5, 6 mod 9. The "only if" part is shown in [11, Th. F] . In Oka's arguments, the selfmap v Remark 3.6) .
In the next section, we consider the self-maps on L 2 V (1) using ring spectra V (1) k with k > 1 and show Theorem B and Corollary C. In section 2, we recall some facts on invertible spectra and show that v
is an isomorphism of spectral sequences, which induces an isomorphism of homotopy groups π * (L 2 V (1)) ∼ = π * (V (1) ∧ X). In the last section, we verify the equivalences
for the invertible spectra QM at the prime 2. Then we construct a map v 3 2 g : L 2 V (1) → V (1) ∧ X by the use of the result of the previous sections, which shows Theorem A. In the last section, we show Corollary D.
1. The self-maps on the spectrum L 2 V (1) k Let V (0) denote the mod 3 Moore spectrum and V (1) k be a cofiber of α k :
the Smith-Toda spectrum. Then we have the cofiber sequences
In [8, Th. 5.6 ], Oka showed that V (1) k is a ring spectrum for k > 1, in which a ring spectrum means a spectrum V equipped with a unit map ι : S 0 → V and a multiplication µ :
In other words, a ring spectrum here is not assumed to satisfy the associative law. By a module spectrum, we also do not assume the associative law.
Proof. Consider the exact sequence
associated to the cofiber sequence
Let i k and j k be the maps in the cofiber sequence
obtained from the 3 × 3 Lemma (Verdier's axiom), and let i 0 = i 1 i : S 0 → V (1) denote the inclusion to the bottom cell. Then [16, Prop. 6 .9], we have the desired equation.
Lemma 1.5. Let U be an invertible spectrum with E(2)
Proof. The map ξ is defined as the composite
is a monomorphism, we see that the lemma is proved.
For computing the homotopy groups π * (L 2 W ) for a spectrum W , we use the
Proof. Recall [12] the spectrum C, which is defined to be a cofiber of the localization map
of cofiber sequences for j > 3, we obtain a cofiber sequence
−→ C by taking homotopy colimits. It is shown in [12] 
is a permanent cycle. Furthermore, we read off from [12] 
Proof of Theorem B. By Lemma 1.6, we have a homotopy element v (1.3). Then this induces the desired self-map by Lemma 1.5, which induces an isomorphism on E(2) * -homology.
As an application, we consider the β-elements in the homotopy groups π * (L 2 S 0 ). In [7] , the β-element β s of the E 2 -term E (S 0 ) associated to the cofiber sequences of (1.1). It is shown [13] that the β-element β s ∈ E 2,16s−4 2 (S 0 ) survives to a homotopy element of π 16s−6 (L 2 S 0 ) if s ≡ 0, 1, 2, 3, 5, 6 mod 9, which corresponds to one of Ravenel's conjectures in π * (S 0 ). Here we give another proof, which is what Oka showed in [9] .
Proof of Corollary C. Since v 2 and v 5 2 are homotopy elements of π * (V (1)) [9] , we define β-elements as follows:
and
where v Since V (1) 3 is a ring spectrum and there is a map v
0 gives a homotopy element, which is shown to be detected by the element β 9t+3 ∈ E 2,144t+44 2 (S 0 ) by the Geometric Boundary Theorem. Here j 0 is the projection to the top cell.
The homotopy groups π * (V (1) ∧ X)
Let E(n) denote the Johnson-Wilson spectrum, and L n the category of the E(n)-local spectra. Then we have the Bousfield localization functor L n : S p → L n with respect to E(n), where S p denotes the category of (p)-local spectra. We call a spectrum U ∈ L n invertible if there exists a spectrum 
. Now turn to the case where p = 3 and n = 2. Consider the chromatic comodules 
where
0 is given in [14] (cf. [13] ) by using (2.2). In particular, E (1)) be the induced map from the inclusion i 0 : (1) ∧ X) . By the structure (2.5), we see the following. Lemma 2.6. v
We will show that the map v By the trivial pairing S 0 ∧ X → X, we have the derivation formula on d 5 . Furthermore, the universal Greek letter map η is the map of E * 2 (S 0 )-modules. Therefore, by (2.3),
Since nothing hits β 
Proof. Since E 
Turn to (2.12). If we assume that d 9 (xb 10 ) = yb 10 , then there is an element z ∈ Ker b 10 : E 10 . By the structure (2.5) of the E 5 (= E 2 )-term, we see that there is an element w ∈ E 
Invertible spectra and the Smith-Toda spectra
First we consider the case p = 2 and n = 1. Then it is shown in [4] (cf. [3] ) that Pic(L 1 ) 0 = Z/2, whose generator is represented by the E(1)-localization of the question mark complex QM = V (0) ∪ η e 3 , where V (0) = S 0 ∪ 2 e 1 is the mod 2 Moore spectrum. Let E * r (W ) for a spectrum W denote the E r -term of the 
